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Goal
Resolved the volumetric locking issue of the basic tetrahedral elements used for the
structural analysis of hyperelastic material models and enhanced the accuracy of the

numerical analysis
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Research Background

What is a Hyperelastic Material?
Hyperelastic materials return to their original state when the external load is removed and exhibit
nonlinear stress-strain behavior.
Applications of Hyperelastic Materials
Designing Mechanical Components Simulation of Biological Tissues

SAR (W/kg) SAR (W/kg)
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T Cvetkovi¢, Dodig, and Poljak., Math. Probl. Eng, Baillargeon et al., Eur.J.Mech,
1-18, 2020 48, 38-47, 2014

Automotive Suspension Systems Rubber Boot Seals Virtual Brain Model Virtual Cardiac Model

Configuration 3

Soft robotics The Mandibular Condyle Coronary Artery Stent
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Research Background

Challenges in Numerical Modeling of Hyperelastic Structures

Material Nonlinearity Large Deformation
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2» Nonlinear Relation: Nonlinear stiffness-displacement relation causing convergence issues

2 Volumetric Locking: Excessively stiff response due to the failure to satisfy incompressibility

Pagani, J., et al., Mech. Adv. Mater. Struct, 31, 117-37, 2024

Four-node Tetrahedral Finite Element
Tetrahedral Element Linear Interpolation

Volumetric Locking

®:
ev

Complex Structure

Solution

Reference

Reduction in Solution Accuracy and Design/Evaluation Reliability
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Partition of Unity(PU)-based Four-node Finite Element

Displacement Interpolation
" h,(r,s,t) : Shape Function

©

Standard FEM u(hsat)=zh,- (r,s,0)u,

2 _ < u;  :Nodal Displacement Variable
PU-based FEM u(r.s.t)= 3k (r.s.0)u, (x) « ‘
i=1

3l

with @, (x) =[u,,7,, . @,(x) :Local Approximation Function

Local Approximation, U, (x)
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aj,a¥, a : Polynomial basis coefficients

2» Prevent volumetric locking, ensuring accurate deformation for incompressible materials

2» Improving the accuracy of solutions, ensuring convergence in nonlinear analyses
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Finite Element Static Analysis Procedure

FE Solution Procedures

( Start program )
v

t=0 Read geometric/ material information
v
Update current external load vector **' R
v
Assemble tangential stiffness matrix

r+.ﬁ.rR
t+At g7 (i) _ t+At g7 (i) t+At g (i) )
K= 0KL + 0KNL (i)

v
Solving the linear equation

t+At g (D) g1(i) _ t+At t+At (i)
'KOUY = YR - "F ‘R

v
Update position vector & Integrate stress

A1 Fq.l'l

|
i+Ar R J_I+.:\.
|

t=t+At
i=i+1
=
|
&
=
-

t+AtU(i) _t+at U(i—l) + U(i) t+AtS(i+1)
= , 0

v
Calculate internal force vector

t+Atyp(i+l) _ tpT t 0
F0 = B, 0S,d"V

]

=
e

0

=+ U(:'+!}

No

Converged ?

No




Finite Element Static Analysis Procedure

FE Solution Procedures

( Start program )
v

Read geometric/ material information

v

Update current external load vector** R

v

Assemble tangential stiffness matrix

t+A(;K(i) — t+AéK(i) + t+AéK(i)
L NL

v

Solving the linear equation

t+AéK(i)U(i) — t+AéR _ t+AéF(i)

v

t=t+At

Update position vector & Integrate stress

t+AtU(i) _t+at U(i—l) + U(i) t+AtS(i+1)
= , 0

v

Calculate internal force vector
(AL (1) =J‘ (;BT tSl..d o
Vv y

0 L,j 0

No

No

i=i+1

Converged ?

MULTIPHYSICS SYSTEMS DESIGN LAB.

—

Read Geometric/ Material Information

Geometric/Material Information

u, =u, =0 L
L \
NV Neo-Hookean Material
A *4,,=0.5 Pa, k=100 Pa
u, =0
- e Length & Pressure
mﬂ“ eL=10cm,p=-0.5 N/m?

Mesh Refinement Levels

i
I
%
17

b

BESSSSS SSSS,

<

14x14x14
Increasing the number of elements improves accuracy

Data Structure for Element Representation

Data Structure

Problem Dimension 3
# of Nodes per Element 4
# of DOFs per Node 3+ 9(Enriched DOFs)
# of Gauss Point 11

Resolving the linear dependency issue by constraining all
DOFs at the boundaries



Finite Element Static Analysis Procedure

FE Solution Procedures Assemble Tangential Stiffness Matrix
( Start program ) Hyperelastic Material Model
v * Mooney-Rivlin and Neo-Hookean material model
=0 Read geometric/ rrlaterlal information . Strain density function .
Update current external load vector**' R | i =0 W(J,J5,J5) = 4 (J, =3) + 4,,(J, = 3) +?(J3 -1y
v : .
Assemble tangential stiffness matrix * Second Piola-Kirchhoff stres; tteJnso;
t+A(;K(i) = t+AéK(i) aF t+A(§K(i) h _> tSl] = Al() a tJ AOI tJ (0 t3 - )
- L NL 0,8, 04&; 0,8,
Solving the linear equation » Fourth-order constitutive tensor a( )
o . ) o [, ol Jy—=1) a/J
N z+A6K(z)U(1) — t+AéR . t+A(t;F(l) oDiJrs = A, Yy + A, = (()3 t2 + K ; t3 a(; 3
< c: — 0 l_] 0€rs Ogij 0€rs Ogij 0€rs
gl — < z 8., .,
) pdate position vector & Integrate stress | . ® Y.
-~ tat U(i) _t+at U(i_l) i U(i), t+A(;S(i+l) ~ ogt'j ogrs
y Large Displacement Kinematics Formulation
Calculate internal force vector - Total Lagragian formulation
t+Atyp(i+l) _ tpT t 0 .
F - J‘o l3L Jij OS d V time 0 fime ! time t+At
Converged ? No
No %, ,

fJx zx’ me

141
Z
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7 0~ 0




Finite Element Static Analysis Procedure

FE Solution Procedures

( Start program )
v

Read geometric/ material information

v

Update current external load vector** R

v

Assemble tangential stiffness matrix

-~
|
o

t+A(;K(i) — t+AéK(i) + t+AéK(i)
L NL

v

Solving the linear equation

z+AéK(i)U(i) — t+A(;R . t+A(;F(i)

v

t+ At

t

Update position vector & Integrate stress

t+AtU(i) _t+at U(i—l) + U(,') t+AtS(i+1)
= 5 0

v

Calculate internal force vector
t+Atyp(i+l) _ tpT t 0
F0 = B, 0S,d"V

No

No

i=i+1

Converged ?
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Solving the Linear Equation

Pardiso Solver
U(i) _ t+A(;K(i)71 |:t+A(§R . t+AéF(i):|
* High-performance linear equation solver included in
Intel's Math Kernel Library (MKL)

* Optimized memory efficiency using the Compressed
Sparse Rows (CSR) format

0 1 2 3

B romer P2 [a7]

1
2 d
3

Dense Matrix Sparse Matrix in CSR

<+ Update Position Vector

» Separates displacement DOFs and
additional DOFs for iterative updates

“+ Energy-based Convergence Check

R izo) + Calculated by minimizing the
B o e g e g difference between internal

o T force F and external force R
el L

AR + Allowable edge error

| | [ U

& e, =0.0001

H )



Finite Element Static Analysis

Finite Element Capabilities for Volumetric Locking under Poisson's Ratio Variation
Problem Description Deformed Shapes of Cantilever Beam with TET4E

Z L=20m

a=2m

Material Property

Elastic Material

* E: 300 GPa

* Poisson Ratio:
0.3 ~0.499

Problem Property
* Dimension: 3
*M=10 Nm

* Step: 20

* Tolerance: 0.001

Calculated Load-displacement Curves at Point A Comparison of Normalized Displacement
TET4 HEXAS TET4E ' ' ' ' "
0.0 Kottt s 0.0 Nmigiioirir i 0.0 Mmoo oed w03 Lo + TET4E
—e— 035 } HEXAS8

__ = = b (.4 =

03 03 03 1 i
g £ g —v— 045 g 09
(=9 o o Q
2 8 £ 049 g TET4
g 06 & 0.6 g 06 —4—0.495 % os
5 5 5 0.499 5 [
=] g =} =l
g 09 g 0.9 g8 —09 { Reference 8
< < < =
& & Z __82 §0$
.- 4 — - . 5
% 12} ; -1.2 g -L2r RN 1 0.4 2 TET4 HEXAS TET4E
é é g _____ 0.45 0.6l —— Coarse —&=— Coarse —iB— Coarse
S 2 15 2 5t ] - 049 ’ —®— Medium —6&— Medium —®— Medium

....... 0.495 —a— Fine —A— Fine —3— Fine
. | L . N L . | N N | L L L L Semememe 0499 0.5 1 1 1 1 1
2 4 6 8 10 2 4 6 8 10 2 4 6 8 10 0.30 0.35 0.40 0.45 0.50

Load step Load step Load step Poisson's ratio

MSDL -
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Finite Element Static Analysis

Nearly Incompressible Block under Compression

Problem Description Convergence Curve Deformed Shape of TET4E

Masud. and Timothy., Comput. Method Appl. Mech. Eng, 267,359-99, 2013

Caylak. And Rolf., Int. J. Numer. Methods Eng. 90(2), 218-42, 2012

u. =u =0 L T T T T T
e - 0.8 - .
N NG N ~TET4E
0.7 - -
/ 4 z —9— QIR
- ”HHM“ A E 061 —e—TIP1 iy
x 2 sl —A— TIPIIM3ST
g —&A—TET4
u, =0 é 04 —v— TET4E -
7 ~0 2 o3l === Reference |
", = zo
£ 02f 1
>
0.1 T
* 4,,=40.097 MPa * L=10mm 5 10 15 20 25 30
* k=400,889.806 MPa * p =320 Mpa The number of element per side, N TET4E

Mesh Distortion Test
Problem Description

Displacement with Distortion Change

Deformed Shape of TET4E

L T T T T T
K ™ 006 WS——a—=a——=a—+=&
L } TET4E
/ z 0.015 | ¢ 4= & & 5
T S ol ]
x A g ' !
g 003} O——O——O0—0— o
§ A N A A A
L = 0012+ TET4 TET4E e R eference
2 —O— 4x4%4 —B— 4x4%4 » TET4
2 o011 L —H—8x8x8 —A— 8x8x8
@ —0—12x12x12  —@—12x12x12
< —7—16x16x16  —¥— 16x16x16
2 0.010 |
*A4,,=05P «L=10 : : : : ‘
* . k1=0 100 Paa ep=-0 Scnl\/ll/mz Distortion factor TET4E
MSDL
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Finite Element Static Analysis

Nearly Incompressible Cylinder under Line Load
Problem Description Load-Displacement Curve Deformed Shape

* Length: 15 cm

T T T T T T 1
5 * A,,=3000 kN/cm? 18 - TET4
LT e k= 280,000 kN/cm? —O—N=4
u =0 A 15 —A-N=38
* z —0—N=12
< 12F —v-N=16
t 8
= /
V ¥ ‘
5 61 v
| 2 3r = : 8 =
*L=15cm 0r =
U —u = : ;:2821:1 0.0 0.2 0.4 0.6 0.8 1.0 TET4 TET4E
x ¥y z . . =

Pressure load (P/P,,,.)

Hyperelastic Tire under Compression

Problem Description Vertical Displacement Curve Deformed Shape
0 _I T T T T _ l 1
* 4,,=28,061 kPa * 265/35R20RH Z } TET4E
« 4,,= 1,805 kPa # < p=320kPa ol
« k= 10,000 kPa g TET4
g —40
&
u, =u,=u, =0 5
’ s 60
£
2
780 -
7100 _I 1 1 1 1 1
0 -150 —100 =50 . O“ 50 100 TET4 TET4E
y U= y-axis position

TET4 —=—Coase —=—Medium ——Fine

TET4E —=—Coarse —e—Medium —4—Fine s Reference

MSDL 12
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Structural Dynamics Analysis Procedure

Nonlinear Modal Analysis Procedure

( start program ) Modal Analysis
v »  Modal analysis is the study of the dynamic

properties of systems in the frequency domain

Read geometric/ material information

¢ % - Frequency: 14Hz
Formulate = Shape: Primary Y Direction
linear stiffness, mass matrices
Frequency: 52Hz

Linear modal analysis & scale up

Shape: Primary X Direction
((;KL_I ZM)t6:0 p Y

(\

()
. . o Frequency: 52Hz
Normalize eigenvalue vector o Shape: Secondary Y Direction
v
c Formulate
2 nonlinear, linear stiffness matrices
< v Amplitude-based Nonlinear Modal Analysis
=

Nonlinear modal analysis

(éKL+5KNL—’0)2M)'5=0 * The nonlinearity of a hyperelastic material has a

different response depending on the deform

Convergence * Linear mode analysis does not reflect these

. nonlinear characteristics
Write output @

v
( End program ) Predict the exact behavior of the system with

nonlinear mode analysis

Ganapathi, Patel, and Makhecha., Compos. B. Eng. COMPS PART B-ENG, 35(4), 345-55, 2004

MSDL 13
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Structural Dynamics Analysis Procedure

Nonlinear Modal Analysis Procedure Read Geometric/ Material Information

Geometric/Material Information
( Start program ) /

Mooney-Rivlin Material

cond U ; * 4,y =100 kN/m?
ead geometric/ material information —
9 Ay = 50 kN/m?
v k = 2,000 kN/m?
Formulate
. . . = 1,000 kg/m?
linear stiffness, mass matrices p=5 g/m
v Length & Pressure

Linear modal analysis & scale up «L=10cm,t=1cm

(\K, - '@’M)'8=0

Normalize eigenvalue vector

v
c Formulate
-% nonlinear, linear stiffness matrices Coarse mesh Medium mesh Fine mesh
o v Increasing the number of elements improves accuracy
= Nonlinear modal analysis
(gKL + Ky - ’a)zM) '8=0 Data Structure for Element Representation
Data Structure
Convergence
Problem Dimension 3 A»
Write output # of Nodes per Element 4
¢ # of DOFs per Node 3+ 9(Enriched DOFs)
( End program ) # of Gauss Point 11
Resolving the linear dependency issue by constraining all
Ganapathi, Patel, and Makhecha., Compos. B. Eng. COMPS PART B-ENG, 35(4), 345-55, 2004 DOFS at the bOU ndaries

MSDL 14
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Structural Dynamics Analysis Procedure

Nonlinear Modal Analysis Procedure Formulate Stiffness & Mass Matrices
Consistent Mass Matrix
( Start program ) * Unlike the Lumped Mass Matrix, the density is
v uniformly distributed within the element.
Read geometric/ material information p: Material mass density
I M =IthTpth- h: Shape function matrix
Formulate V: Element volume
linear stiffness, mass matrices
v Linear and Nonlinear Stiffness Matrices
Rilie=Rriecliaie) sisesscalelln + Stiffness matrix is improved using PU-based

(\K, —'@’M)'8=0

approximation, enhancing convergence and accuracy

in nonlinear modal analysis

Normalize eigenvalue vector

¢ tK I ZB; 0~ ik (;ledoV tKNL _Io (;N; otSy (;NTdOV
c Formulate
-% nonlinear, linear stiffness matrices Normalize Eigenvalue Vector
:a'_a, _ v _ * Linear mode shapes are scaled and normalized to
= Nonlinear modal analysis h the desired litud , ,
(éKL+6KNL—’602M)’5=0 match the desired amplitude ratio at maximum
displacement
Convergence
Nonlinear Modal Analysis
Write output * Based on the updated stiffness matrix, the nonlinear
v eigenvalue problem is solved to extract nonlinear
( End program ) natural frequencies and mode shape
Ganapathi, Patel, and Makhecha., Compos. B. Eng. COMPS PART B-ENG, 35(4), 345-55, 2004 (éKL + Ky, — ’a)zM) '8=0

MSDL 15
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Finite Element Dynamic Analysis

Mesh Distortion Sensitivity Analysis

Problem Description

* L=10cm
o p=-0.5 N/m?

« 4,)= 100 kN/m?
« k =2,000 kN/m?

Hyperelastic Tire under Compression
Vertical Displacement Curve

Problem Description

« 4,)="50 kN/m’

Natural frequency (Hz)

Natural Frequency Comparison

0.8

0.6

0.4

0.2

0.0

T T

T T

I TET4 TET4E ;
—O0—4x4 —E—4x4 \‘ﬁ
—A—8x8  —A—8x8 "%&VA
—O—12x12 —@—12x12
——16x16 —¥—16x16
=== Reference

Mode 2

} ‘ S VA% %
:l Mode 1
W 4,‘ \

Mode number Modet

TET4 TET4E
L | 14|
| —&—Coarse | 12| —®—Coarse
—&—Medium —&—Medium
—e—Fine —e—Fine
[ ——Reference b LOF  — Reference

* 4y, = 100 kN/m? 1.4
* k=1,000 kN/m?

&f ~ 12
R T > 1.0

g
208

d::
E 0.6

g

Z
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2 4 6
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8 10 2 4 6 8 10
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Conclusion

Research Purpose and Development

« Development of PU-Based Tetrahedral Elements for Nonlinear Structural Analysis of Incompressible
Hyperelastic Materials

Key Achievements

Conducted various numerical examples

* Including cantilever beams, compression blocks, cylindrical shells, and distorted plates, to verify
mesh sensitivity, solution accuracy, and convergence performance

Nonlinear static analysis

* By preventing volumetric locking phenomena in incompressible materials, predicted nonlinear
behavior with accuracy exceeding existing elements

Nonlinear modal analysis

* Derived natural frequencies and mode shapes with an average accuracy higher than existing

elements, even with a reduced number of elements.

Limitations
Efficiency Improvement
« Optimization is needed to address the additional computational cost introduced by the Partition of
Unity approach

MSDL 17
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Future Works

Virtual Heart System Modeling

Development of Simulation Tools for Virtual Heart

% Biomaterial modeling reflecting the hyperelastic characteristics
of the virtual heart

% Partition of Unity-based nonlinear computational mechanics
solution capable of simulating large deformations
Development of algorithms reflecting cardiac characteristics

(Fiber Orientation, Electric Wave Propagation)

HM Jun, BCIZ E21 ot eE 22
2021 SFEHALE Y|

Analysis of Mechanical Propertiesin a Virtual Heart ¢  Patient-specific Stent Design through Stress
Using Nonlinear Modal Analysis - Concentration and Strain Analysis of the Heart
Fiber Orientation Changes ] i[ Transformation of a Deformed Form ]
MC Trinh, HM Jun, H|AM& 2 EBHA L

Shape design of stent Behavior Analysis

MSDL 18
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