4. Finite Element Formulation

. _ B S
PVW: [ z,08,dV = f"SudV + L_,. £58u,dS

Let us assume

@ Small displacement: V, =V

@ Linear elastic material: 7z, =C,, &,



In the finite element formulation,

T €l

Ty €n
= T3 , . €33 ,
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where y, =2¢; (i #j) : engineering shear strain

3 3
— — T — . — —
T,E; = Zz%gij =€ T=¢7T (note: 7,&, + 7,8, =278, =T,V1,)
i=1 j=1

Material Law: t=Cg

PVW in vector/matrix form:

jV 5" CedV = jVaquBdV+ ij su'fsds




Finite Element Discretization

Node j

element m

V' - Volume of element m, V = ZV('")

Let us assume that S, =S and §,=¢ > “PVW still works.
U.

1

Nodal displacement at node ; - |U,
U,

i+2



Nodal displacement vector (nodal DOFs vector),

U=| ' |, N : number of the total DOFs

i (m)" ~(m) o (m) g77(m) _ (m)" ¢ B(m) 777 (m) s(m)" ¢S(m) 3c(m)
PVW: D[ " CmEmdr ™ =3 [ su™ P mdy 4y L;m>...s;»~5“ £ gs™.
m m m

where S ...S{" are surfaces of “element m" on boundary.



Displacement Interpolations

u” =H"U (interpolation of displacement)
ou™ =H"SU (interpolation of virtual displacement)
where
u™ : displacement field of element m
su" : virtual displacement field of element m
U : nodal displacement vector
oU :virtual nodal displacement vector

H™ : displacement interpolation matrix for element m

(Note) The same interpolation is used for real and virtual displacements.

- “symmetric stiffness matrix”



From the strain-displacement relation,

To2(ox,  ox,
oou .
5&-.:1 ou, | o, - og™ =B"™sU
o2 ox; o
¢™ - strain field of element m

o™ - virtual strain field of element m

B : strain interpolation matrix for element m

Using the displacement and strain interpolations in PVW, the following equation is obtained

ou’ |:Z Jom B(m)TC(m)B(m)dV(m) :| U=05U" |:ZJ'VW) H(m)TfB(m)dV(m) n ZJ‘S(m)ms(m Hgm)TfS(m)dS(m):|

m

(eq. 3.1)



Substituting SU=[1 0 --- 0]" (8U, =1, others =0) into (eq. 3.1), we obtain a linear equation
KU +K,U,+--+K, U, =R

Substituting sU=[010 --- 0]' (68U, =1, others =0) into (eq. 3.1), we obtain another equation
K, U+K,U,+---+K,,U, =R,

We can do this task N times.

This process to apply “virtual displacement vectors” is the same to

,I/T/|:Z V('”)B(m)TC(m)B(m)dV(M)j|U:,I/T/|:Z V(m)H(M)TfB(m)dV(m)+2J‘S1(m)msém) Him)TfS(m)dS(m)j|

m m



Finally, we obtain a set of N linear equations. = “static equilibrium equations”

KU=R |

where K=)K" with K™ =] B" C"B"dy"

R, =Y Ry with Ry =[ H™'£ gy
R=R, +R, z

<

_ (m) . (m) _ (m)" gs(m) 7(m)
R, =Y R"™ with R" = .[sfm>...s;m> H™ £ s
L m

K: Stiffness matrix
U: Nodal displacement vector

R: Nodal force vector



Dynamic Equilibrium Equations (Equations of motion)

pu i

Inertia force

RE™ — J H B0 gy m)

p(m)

£500 T2 L (i) « u™ =H™U and @™ = H™U

B(m) _ (m)" FB(m) g77(m) (m)" _(m)gy(m) g7/ (m)
RO = [ HOTaye [ [ pmH "y |

KU=R-MU with "mass matrix’ M=% m", M" :J.V(m)H(’”) p"H" dy ™

MU+KU=R




Imposition of Zero-Displacement BC

Note that K is singular because §, =¢ is assumed.

The displacement BC is imposed by simply getting rid of the columns corresponding to zero-

displacements (U, =0) and the rows corresponding to zero-virtual displacements (6U, =0) in

the stiffness matrix K.

Ex) When U, =U, =0,

K, K, KB KM K || U, R,
n i

K, K, K, K;|U, R,

JV_ v ) Vs I L Y

h33 gy 35 3 Iy

)/ 4 ) d I D

»).)/”l. 1\44 1\45 U4 [\4

K 5 R,

K, K, K;s|U, R
2 Kzz Kzs Uz = Rz
sym. K. || U R,

Then, K, , is reduced to KNXN (N =N—(# of prescribed DOFs)) and the displacement and

force vectors are also reduced into U and R. Finally, we get KU = R. When the displacement

BC is properly applied, the equilibrium equation can be solved.
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Properties of Stiffness Matrix

@ K is a symmetric matrix, i.e. K' =K or K,=K .

"Betti's reciprocal theorem” and "Maxwell's theorem”
@ KU=R

External work =%UTR =%UTKU >( (strain energy stored)

When U =0 or U is the displacement vector corresponding to rigid body motions,

lUTKU:O.
2

When U = 0, %fJTf(ﬁ>O forall U. = K: "positive definite” matrix
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FE Solution Procedure

Principal unknown: U

Step 1) Geometry, material properties, applied load and displacement BC are given.

- Construct "FE model”.

FE model has information on

nodal positions

element connectivity (a set of
— nodes to construct the element)

material properties (E, v)

BCs (force & displacement) are

only applied at nodes
FE model

Step 2) Calculate K™ and R“ of each finite element (element matrix)
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Step 3) Assemble K and R (total matrix).

K=>K"™, R=)R"

Step 4) Apply the displacement BC.

~

K - K

Step 5) Solve the linear system.

KU=R 5> U=K'R > U is found.

Step 6) Calculate solutions
- Displacement field of element m: u" =H"U
- Strain field of element m: ¢ =B"™U

- Stress field of element m: ™ =C™g™ = Cc"™B™U
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Example — 1D bar problem

FE model

SRR

100cm 80cm

fP=f,Nlem’® f*=01f,N/cm’

<
Il
SISHIS

W

(1) ® 2) e

14



Element (1)

0] 0 1
4 U (x) U m
u, e U,
> )]
I V) ¢ u, [ U,
Node 1 Node 2 Local DOFs ~ Global DOFs
X (locally defined coordinate)
X X
u(x)=1-— uf1)+—u§1)
100 100
U]

@
um(x):[l_i L} :[I_L x 0} U, |-uou
100 100 ]| " 100 100 U

U
ou S P 11 1

S0 :{__ _} Plol—— — o|lUu, |=BYU
T ox 100 100 || 2 100 100 U2
3
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Element (2)

i i |
— |, —>
JE e
U@l U,
2 1 Dle—» U
Node 1T (©) Node 2 ! >
\ Local DOFs  Global DOFs
) () Xl o, X @
u’(x | — |lu,” +—u
(x) ( Sojl 20
X X Z/l(z) X X Ul
80 &0 ué) 80 &0
3
U
(z)zﬁu(z):[_L L} u® _[ 1 L} I
T ox 80 80| ul® 80 80 °
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Stiffness matrix

Ul

KU=R with U=|U,

U,

K = iK(M) KV +K®

m=1

100

0

1x

- ij BY EB"qV + jV

B(2>T EB®4y®@

(2)
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-1 0 0 O

O+13—EO

240
0 O 0 -1

0
—1
1

2.4
|24
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-2.4
15.4
-13

0
—13
13



Direct stiffness method

1

E

1 -1
dx =——
100 {—1 1 }

24
—2.4
0

K(”:jloolx 100 E[_L L}
0 B 100 100
| 100 _
SRR
80 x ) _% 1
R B o N
0 40 1 80 80
80 _
| £ _E |
100 100
E E 13FE -13E E
K: — + =
100 100 240 240
—13F 13_E
240 240 |

CBE[1 -1
2401 -1 1

24 0
154 -13
-13 13
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Load vector

R=R, +R;

. H(m)Tf(m)dV(m)

Jy

R, =3 Ry with Ry” =

” . m) _ [ (m)T g S(m) g(m)
RS=ZR§) with Ry _.S/"’)HS | AN

_r
100 1o 150
x| e [l 1= o av=2186 | £, (Body f
o= 1) g [t ], “20) | w0 MRS 2 (Body force)
63
X
0 . 80 _
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0 0

R; =Ry +R{ = | aor| 1904 4 =L 0 1(;Lfla’S =l 0 (Surface force)
B 1] 100,
50,
R=R,+R,=| 62,
68
?fz +100 f,

Equilibrium equation

. 24 24 0 ||U, 50 £,
220 2.4 154 -13||U, |=|62f, (KU =R, K is singular)
~13 13 ||U,

68
?fz +100 f,
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Imposition of displacement BC

U =0 (and oU, =0)

E [154 -13][U, 62/, N
2401 -13 13 || U, ?fz +100f,
Ul
Nodal displacement vector is found: U=|U,
U3

- Displacement field: u” =H"U
- Strain field: & =B"™U

-> Stress field: 7 = EB™U
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Mass matrix for dynamic analysis

2
M = ZL(’H) HT(m)p(m)H(m) dV(’”)
m=l1

100

0

200
M=~
6

sym.

X
100

100 100 100

0

100 O
584 336
1024

X p[l_i RN P
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Example — 2D plane stress problem

i i \I/ q=0.5N/cm’

2cm

dem

P=07N

Y

dem

Thickness =1, E : Young's modulus, o : Poisson’s ratio

Plane stress condition

1 v 0 P (o ]
E . XX XX
‘r=1_v2 v 1 0 |e with 1= .| &=|¢,
0 0 =V 7y ] 7
i 2

24



Finite element model

U U, \ Uy \
|> | U U, Uy,
©) © ©)
(2) (4)
U, Uy Use
[>. ,U3 ® U, HUls
©) ®
) ®)
U, U U,

Number of nodes : 9

Number of elements : 4

Number of total DOFs : 18 (9x2)

Displacement BC: U, =U,=U,=U,=U,=U, =0.

25




Element stiffness matrices, K™

U6

<Global DOFs>

U12
US I EU”
H
©
(2)
UIO
U3 5 U9
®

<Local DOFs>

u” : Nodal displacement vector of element (2)
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-11) @ ¢ (LD
> x
Local coordinate
system
(-L-1) @ e (L-1)

Displacement interpolation:

u®(x,y)
u(x,y)= L(z)(x, y)}

u®(x,y)=a, +ax+a,y+o,xy

W) =u®, WL =1, u?(L-D)=u®, u®1,-1)=u?
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4
u®(x,y) =Y b (e, ) = by (6, )y + by (6, )y + by (x, y)es? + by (x, y)ug?
with “shape functions”

1 1 1 1
b= (40 A+9), by =2 (1=2)+y), b= (1=x)1=y), b =7 (+2)(1-y)

(Note) #4.

l

=1 at node i, and 5 =0 at other nodes.

4
v = Zhl. (x, y)vl.(z) = hlvl(z) + h2v§2> + h3v§2) + h4vf)

1
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o
u?
u
u® ] _[h ok b 000000 0P
v 100 0 0 A kR R
e
e
b
gﬁ):au<2>:[a@ oh, by b o o o 0}1(2)
Ox ox oOx Ox Ox
g(z):a"_(Z): 0000 % O O Ol
»w dy oy Oy dy 0y
o oV ou? \oh 0Oh, Oh Oh, Oh Oh, Oh Oh
R
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oh, ©oh, Oh, Oh, 0 0 0 0
£@ ox Ox Ox Ox
@ _| (=] o 0 0 0 oh, ©oh, Oh, Oh,
7@) o o 0
. oh, oh, oOh, oh, Oh, Oh, Oh, Oh,
gy Oy O Oy Ox Ox Ox Ox

K® ZJ‘

' (2)

E
with C¥» =——
1—v?

1

|4

0

14
1

0

K® =K® = K® = K@%

0
0
l-v
2
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(2)

(2)
Vi

ve

— B@u®

BOTCOB@ gy @ — tf_‘lj‘_llB(z)T (x, )CPB? (x, y)dxdy



Stiffness matrix, K : K%, K®,6 K, K% » K

&8]) ' (8x8) | (8x8) (8x8) (18x18)

) [ (2 (2)

ou” | K\’ K,

(2) _ §..(2) (2) 2)
K8><8 - 5”2 K21 K22

U1 Uz Us U11 U18
oU, | |
oU, | |
: | |
K =
o 5U11 - Kl(zz) o Kl(lz) o
: | |
5U18_ | |
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Load vector: R

R‘S4) y R‘E4)
| R @
y=1-> @—— o—>
' =-0.5e,
VIRV ARANAN
> X ® ]
(4)
@ @

R=R, +R;

R, =Y Ry with Ry =

m : m) _ |

. H(m)Tf(m)dV(m)

H(SM)TfS(m)dS(m)
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e _ h hy h, B, 0 0 0 O u® = HOg®
vl 10 0 0 0 A h h b

Hg4):h ho by b 00000 at y=1
OOOOhIhzha}M

Ja+x/2 4-x)/2 00 0 0 00
= 0 0 0 0 (I+x)/2 (d-x)/2 0 0

£5@) _ 0
-0.5
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_RW _ (DT eS(4) o4 _ Ly @res@) 5
=R{ —L L Hg £77dS _1><J._1HS £ dx =
/ 0.5
—0.5
0
L O -
U, U, Ui
Us I_,U] U17 R@W y
| ), — *—> v
@ @ @ R(4) /
y=1-> @——
Us (4)
U, § UlO U16
U, U, Ui
) @ © 4
) 2 It
Uz Ug UI4
D U U, Ui
*—> *—>
@ @



—0.5 <R,
0.7 |« R,

—0.5 |« R

We obtain the equilibrium equation.

KU=R

Imposition of displacement BC

Displacement BC: U, =U,=U,=U,=U,=U, =0
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~

K U=R
12x12

Strain and stress

£(m _ Bmy(m

=M = CR My
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