4. Finite Element Formulation

. . B S
PVW: [ 7,08,dV = f"SudV + L_,‘ £SSu.dS

Let us assume

@ Small displacement: V, =V

@ Linear elastic material: 7, =C,, &,
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In the finite element formulation,

T &
Ty &y
Ty &33
T= , &= ,
Ty Y12
Ty V23
| T3 | e

where y, =2¢, (i # j) . engineering shear strain

3

3
U6y = Z
i=1

Material Law; t=Cg

— T — . — —
1

PVW in vector/matrix form:

_[V&;TCadV - jV5quBdV+ ij Su"fsds
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Finite Element Discretization

Node j

element m

V™ : Volume of element m, V = ZV(m)

Let us assume that §, =S and §,=¢ > "PVW still works.
U.

1

Nodal displacement at node ; - |U,
U,

i+2
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Nodal displacement vector (nodal DOFs vector),

U=| ' | N : number of the total DOFs

PVW: Y[, 5e™ CMemar™ =3 [ su P ar Y [ W s,

(m)”_S(m) 5
m ! a

where S{™...S{" are surfaces of "element m" on boundary.
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Displacement Interpolations

u™ =H"U (interpolation of displacement)
ou™ =H"6U (interpolation of virtual displacement)
where

™ . displacement field of element m

u
ou" : virtual displacement field of element m
U : nodal displacement vector

oU :virtual nodal displacement vector

H™ : displacement interpolation matrix for element m

(Note) The same interpolation is used for real and virtual displacements.

- “symmetric stiffness matrix”
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From the strain-displacement relation,

<. _1 ou; +% - ¢™ =B"™yU
To2(ox,  ox,
oou .
5e, = | 90U U, - 5" = B"5U
T2\ ox,  ox
¢™ - strain field of element m

o™ - virtual strain field of element m

B : strain interpolation matrix for element m

Using the displacement and strain interpolations in PVW, the following equation is obtained

5UT |:Z Jom B(m)TC(m)B(m)dV(m) i| U= 5UT |:ZJ‘V(,,,) H(m)TfB(m)dV(m) i ZJ‘S(m)“.S(m) Hgm)TfS(m)dS(m):|

m

(eq. 3.1)
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Finally, we obtain a set of N linear equations. = “static equilibrium equations”

KU=R |

where K=Y K" with K™ =[ B" C"B"dy"

(b _ (m) (m) _ (m)" ¢ B(m) 77, (m)
R,=> Ry’ with R}’ = LWH f2mqy
R=R,+R; | ”
_ (m) . (m) _ (m)" gs(m) gg(m)
R, = E R"™ with R| _J.s{m)---s;m) H™ t°"dS

K: Stiffness matrix
U: Nodal displacement vector

R: Nodal force vector
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Imposition of Zero-Displacement BC

Note that K is singular because §, =¢ is assumed.

The displacement BC is imposed by simply getting rid of the columns corresponding to zero-

displacements (U, =0) and the rows corresponding to zero-virtual displacements (6U, =0) in

the stiffness matrix K.

Ex) When U, =U, =0,

K, K, KB Ktm K || U R
, i

K, K, K, K;|U, R,

JV_ T ) V- I L D

h33 gy 35 3 1y

)/ 4 ) IrTr )

»)_)/”l. 1\44 1\45 U4 [\4

K 5 R,

e
>
ke
IS
=

sym. K. || U

Then, K, Is reduced to Kﬁm (N =N—(# of prescribed DOFs)) and the displacement and

force vectors are also reduced into U and R. Finally, we get KU = R. When the displacement

BC is properly applied, the equilibrium equation can be solved.
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FE Solution Procedure

Principal unknown: U

Step 1) Geometry, material properties, applied load and displacement BC are given.

- Construct "FE model”.

FE model has information on

- nodal positions

- element connectivity (a set of
— nodes to construct the element)

- material properties (E, v)
- BCs (force & displacement) are

only applied at nodes
FE model

44



Step 2) Calculate K and R“ of each finite element (element matrix)

Step 3) Assemble K and R (total matrix).

K=>K", R=>»R"

Step 4) Apply the displacement BC.

K > K

Step 5) Solve the linear system.

KU=R - U=K'R = U is found.

Step 6) Calculate solutions
- Displacement field of element m: u"” =H"U

- Strain field of element m: "™ =B"™U
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- Stress field of element m: ™ =C™g™ =C™B™U
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Example — 1D bar problem

FE model

SRR

100cm 80cm

fP=f,Nlew’ f*=01f,N/cm’

c
Il
SISIES

W

M et @ e
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Element (1)

(1) (1) M

u L u (x) U m
u, e U,

> )]
® x (1) ® Mz < U2

Node 1 Node 2 Local DOFs ~ Global DOFs
X (locally defined coordinate)
X X
u(x) =] 1-— |u" + ——ul"
100 100

Ul

1)
u“kx):{l__f_ _ﬁ;}lhl :{1——5— T (ﬁ U, |[=H"U
100 100 || u! 100 100 "~

U
ou 11 [u® 11 1
_[_ _} | [_ L o} U, |=v
R 100 100 || 2" 100 100 l;
3
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Element (2)

" u®(x) ;"
— |, —>
P
U@l U,
2 1 Dle—» U
Node 1T @) Node 2 4 ’
\ Local DOFs  Global DOFs
@) (1) — il I C) AR )
u’(x l—— |u —u
(x) ( 80) et
u?(x)=|1-—= = || |= -— =—||U, |=H®U
80 80| ul” 80 80
3
U
) ) !
gif):a” :{_L i} ”12 _{ 1 L} U, —BPU
Ox 80 80 || ul¥ 80 80
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Stiffness matrix

Ul

KU=R with U=|U,

U,

K = Zz:K(M) — K(l) + K(Z)

m=1

100

0

1x

=| B EB"aV + |

B(2>T EB®4y®@

(2)

50

LI
80 80

|as



-1 0 0 O

O+13—E0

240
0 O 0 -1

0
—1
1

2.4
= |24
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-2.4
15.4
—-13

0
—13
13



Direct stiffness method

S
o0 1 -1
Kﬂ):j”%x 100\, 1 11, £
0 1 100 100 100| -1 1
| 100 |
-
2 17R0 1 -1
K(2)=J.80 1+ | x 80 E[—i —}dsz—E
0 40 1 80 80 240 -1 1
80 |
£ _E 0
100 100 24 24 0
K=|- EE +13E “BE_E 2.4 154 -13
100 100 240 240 | 240 0 313
0 ~13E 13E a
i 240 240 |
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Load vector
R=R, +R;

m ; (m) _ (m)T ¢(m) 777 (m)
R, => Ry with R} =] H"dY

. ~ m) _ [ (m)T gS(m) 3 (m)
RSZZRE’ with Ry _.s,.<m>HS 2" dS

_r
100 2 0 150
Ml 2 s (e 1_io1fd—1186f Body f
s=) X 100 |[% ) 40 0| 273 > (Body force)
63
X
0| . 80 |
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R, =R\ +R{" = . H®" 1(;LfIaIS: |0 1(?S'LﬁdSz 0 (Surface force)
T 1] 7 100,
50f,
R=R,+R,=| 62f,
68
?fz +100 £,

Equilibrium equation

E 24 24 0 ||U, 50,
520 -24 154 -13||U, |=|62f, (KU =R, K is singular)
0 -13 13| U,

68
?fz +100 £,
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Imposition of displacement BC

U =0 (and 6U,=0)
E [154 -137[U,] 62/,
2400 -13 13 ||U, | %]Z+100f1

Ul
Nodal displacement vector is found: U=|U,
U3

- Displacement field: u” = H"U

- Strain field: £ =B"™U

> Stress field: ¢ = EB"™'U
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Mass matrix for dynamic analysis

M = }:j H'"

100

0

200

sym.

") gy

o

100

X X X
SR N P
100 ‘)[ 100 100

0 -

100 0

584 336

1024

}dx+ﬁo(
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Example — 2D plane stress problem

i i \I/ q=0.5N/cm’

2cm

dem

P=07N

Y

dem

Thickness =1, E : Young's modulus, o : Poisson’s ratio

Plane stress condition

_ : N o
1 v 0 T
B E 1 0 . XX P
T_l—vz 1% 5 with 1= .|, e=|¢&,
0 0 1=V Ty | 7 |
! 2

57



Finite element model

U U, \ Uy \
|> | U U, U,
©, ©® ®
(2) (4)
U, U U
[>. ,U3 ® U, HUls
@ ®
D (3)
U, U Uy,

Number of nodes : 9

Number of elements : 4

Number of total DOFs : 18 (9x2)

Displacement BC: U, =U,=U,=U,=U,=U, =0.
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Element stiffness matrices, K™

U6 UIZ
. 5 U5 I S Ul 1
©, ©®
(2
U, U
U3 U9
o—> *—>
@ ®

<Global DOFs>

V2 Y
uéz) ”1(2)
(2
v;2) v4(12)
ugz) uf‘z)
*—>

<Local DOFs>

u” : Nodal displacement vector of element (2)
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A
-L) @ o (LD
> X
Local coordinate
system
(-L-1) @ e (L-1)

Displacement interpolation:

u®(x,)
u(x,y)= L(z)(X,yJ

u®(x,y)=a, +ax+a,y+a,xy

u® (L) =u?, u? L) =u, u®(L-D)=u{?, u®1,-1)=u
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4
u®(x,y) =Y b (e, ) = b, p)u> + by (6, )uy + hy(x, y)us? + by (x, y)ul?
with “shape functions”

h= 0+ ), by = (=049, b= (=0 =2), b= 1+

(Note) #4.

1

=1 at node i, and #, =0 at other nodes.

4
@) _ ) _ 7.2 2) 2) (2)
v —Zhl.(x,y)vl. =hv,” +hv,” + hyv,” +hy,
i
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e B hh h, hy h, 0 0 0 O uf) _HOg®
NN B ’

0 0 0 O M h h hiv
W
ve
e
gg):aum:[a@ oh, ©h, Oh, 0 0 0 O}u(z)
ox ox Ox Ox Ox

(2)
gﬁ:év—:{o 00 0
0y

oh, Oh, Oh, Oh, e
ov 0Oy Oy Oy

}/(2):8v(2)+5u(2) _ Ooh, ©Oh, Oh, 0Oh, Oh 0Oh, Oh, Oh, e
Y ox Oy d Oy Oy Oy Oox Ox Ox Ox
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_BDy?

oh  Oh, Oh, oh, v 0 o o
£ ox Ox Ox Ox
o_|lo|_lo o o o 9u 9 Oh Oh
7?3) d dy oy Oy
o oh, oOh, Oh, 0Oh, Oh Oh, Oh, Oh,
0y Oy 0Oy Oy Ox Ox Ox Ox
1 1
K® =  BP"C?BPar® =t [ B (x,y)C?B? (x,y)dxdy
E I v 0
with C?=——|v 1 0
I-v i
00 —2
i 2
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Stiffness matrix, K : K", K?, K?, K% -5 K

(88)  (8x8)  (8x8) = (8x8) (18x18)

ul(z) uéz)
@[ @ (2)
ou,” | Kii7 K,
(2) _ (2) (2) (2)
Kos =ou,” | Ky K,
U1 Uz Us U11 UIS
oU, | |
ouU, | |
K | |
18x18 2) (2)
5U11 - - K12 - Kn
oUg | | |
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Load vector: R

R‘S4) y R‘E4)
| R @
y=1-> @—— o—>
f* =-0.5e,
VIRV ARANAN
> X ® ]
(4)
@ @

R=R, +R;

RB = ZR;m) Wlth R(Bm) — J

R, =Y R{" with Ry =

(m)
ISy

. H(M)Tf(m)dV(m)

H(m)TfS(m)dS(m)
S
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o (W b b B0 0 0 0 u® = HOg®
vy 10 0 0 0 h h h B

H(S“>=h1h2 b b 000000 at y=1
0 0 0 0 & h h h

[a+nr2 @-x/2 0 0 0 00
=l ) 0 00 (I+x)/2 (1-x)/2 0 0
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-,

(@)
Sy

HOTEGAs@ = 1% jleg4)TfS(4) dx =

U, Ui
|> | Us [ U, U
©) © @
Us (4)
Ui Ui
[>. \U3 ° U, : Uis
@ @
1) U,
Uy Uy
HU7 Ui
@

R y RW
S
y=1—> >— o—>
> X
4)
® ®



—0.5 |« R,
0.7 |« R,

—0.5 |« R,

We obtain the equilibrium equation.

KU=R

Imposition of displacement BC

Displacement BC: U, =U,=U,=U,=U,=U, =0
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~

K U=R
12x12

Strain and stress

£(m _ Bmy (™

T(m) — C(m)B(m)ll(m)
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6. Isoparametric Finite Element Procedure

Let us consider a 2D 4-node element m

@ (x2, y2)
U1
251
@ (x1, ¥1)
® (x3, y3)
|
@ (X4, Ya)

Interpolation of geometry

4 4
X" =>hx, y"=>hy, where x, and y, are nodal coordinates.
i=1 i=1

Interpolation of displacements
4 4
u™=>hu, v =>hy, where u, and v, are nodal displacements.
i=1 i=l
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The same interpolation functions (4,) are used for geometry and displacements.

Shape functions are defined in the natural coordinate system: &, =h (r,s)

S A
@ ° 1 ® @ .
Mapping
G = e
N 1 ey X :ihf(r_.s)xf
< Natural coordinate system > < Global coordinate system >

1 1 1 1
h1—z(1+’”)(1+5)1 hz—z(l—r)(1+s), h3_Z(1_r)(l_S)' h4—z(1+r)(1—s)
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Since the same shape functions are used for coordinates and displacements, we call the

element an isoparametric element.

(Note) The element must give a unique correspondence between (r,s) and (x,y).
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u(m)}:{hl by b h 000 O}u“ =H"u"™

u(r’s){v“") 0 0 0 0 h h h h

ou'™ ou™ ov'™ o™

and

In order to construct B™ and K", we need to calculate o T O o
Ox oy Ox oy

(m)
.However, u™ is not a

(Note) If "™ is a function of x"’, we can directly calculate )
X

function of x", but a function of » and .
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Jacobian matrix J

u™ =u"(r,s) and v =v")(r,s)

x" =x"(r,s) and y" =" (r,s)

“Chain rule”

au(m) ﬁx(m) 6u(m) ay(m) au(m)

_|_
or or ox"™ or oy™

au(m) B ax(m) 8M(m) N gy(m) au(m)
Os os ox"™ os oy™

[ ou™ | [ox™ oy ] [ ou |
or |_| or or ox | _
au(m) o ax(m) ay(m) au(m) -

s | Las e Ul o
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with J =

B O™ ay(m)
or or

8x(m) Gy(’”)
os os




Similarly,

[ o™ | [ oV ]

or . ox

v | 7T v
. Os | e
[ ou™ | ou™ | oV ] oy ]
0 (m)

x(m) _J 6;) and ox _ g or
ou ou ov'™ ov'™
oy | o5 | oy | | Os |
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Strain-displacement relation

au(m)_ au(m)'
ax(m) :J—l al”
au(m) 8u(m)
_ay(m)_ i aS i
ou™ | [oh oh, oh, O,
or _ or or or or
ou'™ oh, Oh, Oh, Oh,
L Os  Os Os Os Os

with ™ =[u, u,

ou |
ox™
ou'™
ay(m)

T
Uy Uy Vi vV, Vg V4]

oh,

oh,

oh,

oh,

or
oh,

or
Oh,

or
oh,

or
Oh,

os

Os

Os

Os

(m)
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u™ :{

a da, da,

bl b2 b3

a,

0 0 0O

b, 00 0 0

u(m)



Similarly,

o™ | 0 o, oh, oh, Oh,
= 0 00
x| _ or or o o | |00 00 a4 a a a
avi’"j 000 o O Oh Oh Oh 0 0 00 b b b b
oy i Oos 0Os Os Os
o™
o™
E.. g a a, a a 0 0 0 O
w|=| =0 0 0 0 b b b b |[u”=B"@FsHu"™
7. b b, b, b, a a, a;, a
34 au(m) 6V(m) 2 3 4 1 2 3 4
ay(rn) +ax(rn)
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Stiffness matrix

K™ = [B™C™B™ar™ =1 jll j_llBW)T(r,s)C(’")B(’"’(r,s)det Jdrds
V

with dV"™ =detJ x tdrds

Gauss Integration (Gaussian Quadrature)

feot

-~ T

[ rede=y )

x,: Gauss points, w,: Weight factors
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2-point Gauss integration in 2D
1
[ f@de=wf () 4w/ (x,)

X, ===, X, =—=, W, =w, =1

j_llxzdx:lx(—%)sz( 1 2

B E S
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| SA |

o len | el
| i r

L I SN IR S S

21 @
i i rn=8= 1/\/§
T- T
2 1 T, =8, = _1/\/§
Wij =

Using “2x2 Gauss integration” in 2D,

2
K™ = tz Z WU.B(m)T (7,5, YC™B™ (7, s )detJ(r,s))

i=1 j=1

[\

=w, K'(r,5) + w,K'(#,5,) + w, K'(73,5,) + w,, K'(7;,5,)

with K'(r,s)=¢ B""(r,s)C"B"™ (r,s)detJ(r,s)
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Example — Stiffness of a 2-node bar finite element

h h,
x,=0 x, =100 G@ é
\/‘ 100 \I Mapping . -

( 0 — ( 0
— > | |

1 2 r=— r=0 r=1
< Global coordinate > < Natural coordinate >

u™ = (1= + 2y
( 100)1 100 °

du™ 1 1 { 1 } u,
gxx = = ul T M2 | T Tan 100
dx 100 100 100 100 || u,
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Isoparametric procedure

2
X" = Zhl.xl. =hx, +hx,, x" =x")
i=1

2
u™ =Y hu =hu +hu,, ™ =u" () with A Z%(l_”)' h, :%(1”)
i=1

du™
gxx:dx(m)
dx'™ d d d(1

=—(hx +hx)=—(h x0+h x100)=—| —(1+7)x100 |=50
=L ) =L (1 0+, x100) dr[2< ) j

detJ =50
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du™  dx" dy ™ du™

dr  dr "™ T dx™
du™ _idu(’")
dx'™ 50 dr

du(”’)_[dhl dhz} u, _[_l
dr dr dr ||u, 2 2

8xx :du(m) :L —l l ul :B(m)
dx™ 50 2 2]|lu,

1 1 1
B(m) N=—|-—-—- =
") 50{ 2 2}
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K™ = j_llBW)T(r)EB(m)(r)det Jdr

— w, (B™ EB™)

| x50 +w, (B""EB™)
%

. x50
v

with w, =w, =1

) 1 -1
K“’”=2(13“"”1513“’”)detJ=2><L 21g[-L Ll 50- 2
50| 1 50 100/ -1 1
2
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